Abstract-The problem of stabilizing a single color tone reproduction curve of a xerographic printing engine is considered. This problem is critical to ensure high-fidelity color printing. The control system uses a small number of actuators and a small number of measurements to stabilize the potentially high-dimensional tone reproduction curve. The goal is to minimize the overall least squares deviation of the tone reproduction curve from the ideal nominal one in the face of disturbances like material changes, temperature, humidity, and uncertainty in the system description. The control design consists of the steps of 1) determining a robust optimally performing static controller and 2) realizing the controller that utilizes only past measurements. Numerical simulations and experiments validate the efficacy of the controller.
I. INTRODUCTION
F OR A COLOR printer/copier to attain good color rendering quality, the image output terminal (IOT) must be capable of producing the desired tone, i.e., the solidness, of each of the four primary color separations (cyan, magenta, yellow, black) as requested. To render a primary color with a desired tone, a digital printer or copier first translates the desired continuous tone image into one of many binary bitmap patterns (halftone images), each labeled by its halftone density, using a halftoning algorithm. Given the halftone image, the IOT of the printer/copier then physically lays down the appropriate amount of toner on the output medium (paper or the photoreceptor) (Fig. 1) . The desired result is that the toner image on the output medium should approximate the desired continuous tone image. A tone reproduction curve (TRC) of the IOT is a characterization of this latter physical process and determines the amount of toner that would be deposited on the output media (i.e., paper or photoreceptor) when a halftone image of a certain half-tone density is given. Thus, the TRC is a mapping , so that represents the developed toner area coverage on the photoreceptor, when a halftone image of density is presented. In a xerographic printing process [3] , the TRC is subject to both controlled and uncontrolled operating conditions. Variation in uncontrolled operating conditions, such as temperature, humidity, toner age, and charge density, etc., can cause the TRC to vary so that the IOT can produce unpredictable output images at various times with the same input halftone image. Thus, maintaining the TRC constant, or the stabilization of the TRC, is necessary to avoid having to retune the half-toning algorithm, and to allow the same halftone image to be reused over time. The objective of this paper is to develop a TRC stabilizing controller for the xerographic process so that the TRC remains close to the nominal curve despite variations in uncontrolled operating conditions. The TRC stabilization problem is interesting in that while the TRC is a potentially infinite dimensional object (it is a function of ), only a small number of actuators are available for control. Also, only samples of the TRC at a small number of tones, not the entire TRC, are available for feedback. Consequently, the control must take caution that in the process of maintaining the TRC at one tone does not degrade its performance at another tone. In addition, the xerography process is nonlinear and uncertain, and the manufactured units on the production line vary from unit to unit. These challenges are further complicated by the fact that both the effects and the sources of the disturbances cannot be characterized easily.
Because the xerographic process is essentially a static process, we are able, in this paper, to represent the nonlinear, uncertain process using a set of uncertain static linear models. Moreover, since xerographic disturbances do not vary very quickly, the controller performance is evaluated in the steady state with respect to the tolerance on the model uncertainties and constant disturbances. Thus, the results in [4] can be applied to compute the optimal static controller. However, the static controller cannot be directly implemented because the system outputs are not available for feedback until the next sampling period. Therefore, we propose a procedure to derive a dynamic realization of the static controller that ensures stability, and achieves the same steady state performance as the optimal static controller.
The rest of this paper is organized as follows. In Section II, the xerographic control process is briefly described. The TRC stabilization problem is formulated in Section III. In Section IV, the controller design methodology is presented. Section V contains simulation results. Experimental results are presented in Section VI. Section VII contains concluding remarks.
II. THE XEROGRAPHIC PROCESS CONTROL SYSTEM
We briefly describe the xerographic control system in this section. For details on the xerographic process, readers are di-1063-6536/01$10.00 © 2001 IEEE Fig. 2 . Schematic of the xerographic process for a single color. In a multiple color, several process steps illustrated here will be duplicated.
rected to [2] and [3] . A schematic of the process for a single color is found in Fig. 2 .
The digital xerographic printing process revolves around a circulating photoreceptor (PR) in the form of a belt or a drum. The photoreceptor is light sensitive, so that it is insulating in the absence of light and is conductive when light is present. The first step in the xerographic process is "charging." In this step, a high-voltage corotron wire showers electrons or ions on the photoreceptor in the dark. This builds up a uniform charge density on the photoreceptor. Next, in the "expose" step, the photoreceptor is selectively discharged by becoming conductive according to the binary halftoned image. This is achieved by switching on and off a rastering laser beam. The resulting spatial charge distribution, called the latent image, corresponds to the desired image to be printed. The latent image is then "developed" by depositing oppositely charged toner particles exclusively in the charged regions thus forming a toner image on the photoreceptor. 1 Next, the toner image is "transferred" to paper by physically attaching a sheet of paper onto the toner coated photoreceptor. After "transfer," the toner particles are only attached to the paper by electrostatic forces. They become permanently attached to the paper in the "fusing" step in which heat and pressure are applied. This melts the plastic coatings on the toner particles and adheres them on the paper. Finally, the photoreceptor is "cleansed" mechanically and electrostatically of toners that did not transfer. The photoreceptor is now recirculated to the charging system to be ready for the next image.
Toner area coverage (TAC) sensors are available to measure the portion of the photoreceptor covered by toner after "development." By monitoring a sensor patch, which is a small xerographically generated test image of a uniform tone, a TAC sensor can be used to sample the TRC at that tone. To sample the TRC at multiple tones simultaneously, multiple TAC sensors and sensor patches are required. However, TAC sensors are costly, and sensor patches consume extra toner and occupy valuable areas on the photoreceptor which can otherwise be used for printing customer images. Therefore, the TRC is typically sampled at no more than five tones simultaneously during each photoreceptor revolution.
Several parameters in the xerographic process can be adjusted and can therefore be used for xerographic control. They include: the grid voltage of the charging system which affects the charged photoreceptor voltage; the laser power which affects the discharged photoreceptor voltage; and the bias voltage in the development system which impacts toner deposition on the photoreceptor. Typically, about three to five xerographic actuators are available.
The xerographic process also depends on uncontrolled operating conditions. They include temperature, humidity, toner age, toner concentration, toner charge density (tribo), photoreceptor age, development gap, to name a few. Typically, these parameters are slowly varying, often not measured, and their effects on the TRC cannot be easily characterized.
The control problem is therefore to adjust the xerographic control actuators, via the feedback measurements of the samples of the TRC obtained from the TAC sensors, so that the TRC remains close to its nominal mapping at all the tones, measured and unmeasured, despite variations in the uncontrollable parameters. Notice that the numbers of actuators and measurements are small (less than five) whereas the TRC, which is to be stabilized, is potentially infinite dimensional.
III. PROBLEM FORMULATION
Let denote the toner area coverage when the IOT prints an halftone image of tone using as the settings for its actuators; and when the distinct disturbances take on values . Although the TRC is infinite dimensional, we assume that it can be adequately approximated by its response at a finite number of tones , where can be large. Thus, let the xerographic control process be represented by
where is the indicator matrix which has one "1" on each row so that is the set of TAC/sensor patch samples of the TRC. The time index typically corresponds to the number of photoreceptor belt revolutions because the TAC sensor measurements are only available once every belt cycle.
A nominal TRC is generally designed so that it can be achieved when no disturbance is present. Let it be where is the nominal control.
A. Linear Plant with Uncertainty
Although the nominal plant behavior, i.e., can be obtained experimentally and through physical modeling in the product design process, the precise effects and indeed the sources of the disturbances, cannot be easily determined. The nonlinear model in (1) is therefore essentially unknown. To account for the effects of disturbances, a set of uncertain static linear models are used instead. This is possible because of the static nature of the xerographic process.
Let be the deviation from the nominal control. Define the TRC error to be . Let be the TRC error at the measured (or sampled) tones.
The uncertain linear models are of the following form:
where (5) is the sensitivity of the TRC to control, is a new representation of the unknown disturbances , with , and is the sensitivity of the TRC to . The sensitivity of the TRC to the control in (5) consists of the known nominal part, ; and the unknown uncertain part,
, where is a positive definite matrix of uncertainty weights and is a multiplicative uncertainty which is time varying (due to the time variation of control and disturbances), used to capture the uncertainty and the nonlinearity of the xerographic process.
The precise relationship between the static nonlinear plant (1) and the uncertain static linear model (5) is given in the Appendix. Intuitively, (5) can be thought of as a linearization of the nonlinear plant (1) with respect to disturbances and control whose validity is not limited to infinitely small control deviations and disturbance . The purpose of reparameterizing with with is to account for the nonlinear effect of on how affects the TRC. The purpose of the multiplicative uncertainty is to account for the effect of on how affects the TRC. The nominal sensitivity can be obtained by averaging the Jacobian linearizations about various operating points or by taking the least squares fit to a factorial experiment. Differences between the average model from data can be used to estimate the uncertainty weightings , which specifies the robustness of the different xerographic actuators. Typically, can be chosen to be diagonal with the diagonal entries representating the percentage variation of the actuators. In application, the experiments can be performed on the real physical plant or on a nonlinear system model. Because the sources and the effects of the disturbances (e.g., temperature, humidity, and material variations, …) are seldom well characterized, the nonlinear plant model (1) is generally not available. On the other hand, if the linear uncertain plant description (3) is used, it is possible to choose and to be rich enough so as to allow for the disturbances to potentially affect all the tonal responses. For example, the disturbance can be modeled to have effect on a local region on the TRC as follows: Let , , denote the th row, th column of , and let the disturbance sensitivity to be defined by (6) where determines the width of the Gaussian functions. This method of modeling disturbances is used in the simulations and experiments in the later sections.
B. Linear Fractional Transformation (LFT)
Having rewritten the nonlinear plant in terms of a set of linear uncertain models (3), the rest of the paper will proceed using the linear models, with and being effectively unknown. Let , where is some linear feedback controller [ is the -transform variable, and are the -transform of the sequences and , respectively]. Define the error weightings to specify the relative importance of the TRC error at different tones. The closed-loop system can be expressed as a linear fractional transformation (LFT) as in Fig. 3 where is a known matrix. Specifically, we have (8) with the feedback connections In this setting, the general goal is to find a controller so that under the "worst" case scenario for as large a class of uncertainty as possible, the induced two-norm from to the weighted TRC error is minimized.
C. Robust Static Performance
Although a robust optimal controller for the problem stated above may be designed based on D-K iteration in -synthesis, such a procedure has the drawbacks that 1) the set of disturbances considered would generally be more conservative than in reality and 2) the optimization is generally nonconvex, thus the design steps are more cumbersome. Because of the static nature of the xerographic process, and the xerographic disturbances are generally slowly varying, the performance optimization problem is restricted to the steady-state case instead.
Suppose The following steady-state performance index will be optimized:
where denotes the maximum singular value (induced twonorm) of its argument.
The optimal controller dc gain is
The performance index (9) is used instead of the more common index in which the bound on the size of is specified because the size of the uncertainty is generally not easy to estimate. By minimizing the performance index in (9), we aim to simultaneously improve the worst case performance and increase the size of the uncertainty set . The weighting matrices and generate the frontiers of the tradeoff between robustness and performance. If , then for all uncertainties satisfying , the steady-state TRC error will be less than . Notice that the response of the TRC at the measured tones conforming to the nominal, i.e., , does not imply that is minimized. It is because can be made to vanish at the expense of TRC errors at the unmeasured tones.
IV. TWO-STEP CONTROLLER DESIGN
We now design a realizable controller that would behave optimally under static disturbances. This is achieved via a two step process.
1) Determine the optimal dc gain . This step is based on the result in [4] . 2) Find a realizable dynamic controller so that • depends only on ; • The dc gain of is optimal: ; • The closed-loop system is nominally stable.
A. Finding
Let us use the notation to denote the submatrix where the 's are the block elements in the uncertainty and performance weighting augmented system matrix defined in (8) and Fig. 3 , the set satisfying in (10) and (11) is an open interval. Therefore, the optimal design problem is convex. Equipped with these results, a dc gain , whose performance is arbitrarily close to , can be found via the method of bi-section. In this procedure, we first find and so that by checking (10) and (11). These can be found easily by trial-and-error. Then: 1) let ; 2) if (10) and (11) are both satisfied with this , then let otherwise let ; 3) repeat process from 1) until is within the desired accuracy; 4) compute based on as in Appendix B. Because the controller computed using the bisection method can perform arbitrarily closely to the optimal controller, we do not make any distinction between the near optimal controller and the optimal controller.
B. Realizing
The proportional controller cannot be realized because is not available until is issued. In fact, has to happen before the sensor patches (which generates the measurements ) go through the "charging," "expose," "develop" printing subprocesses. A realizable controller must now be defined so that the optimal dc gain is achieved. Let a realization of the controller be of the form (12) The controller will have the suboptimal dc gain if
The nominal stability of the closed-loop system, i.e., when , is given by Define to be the nominal loop gain then, the two design conditions become
Proposition 1: The pair, is an observable pair if and only if is nonsingular. Hence, the nominal closed-loop eigenvalues in (13) can be arbitrarily assigned if and only if is nonsingular.
Proof: The proof proceeds by checking the observability matrix . . .
Since
for each , we have whenever . However, . Therefore, has the same as rank as . In particular, is full rank if and only is. The implication of this result is that in order to be able to place the eigenvalues of the nominal closed-loop system arbitrarily, must be nonsingular. Since the nominal closed-loop system matrix is given by (15) this condition also implies that the complete closed loop system matrix can also be arbitrarily defined.
Therefore, assuming that is indeed nonsingular, the design of the controller coefficients, and can proceed by first picking a desirable stable closed-loop matrix , and then by solving for and in (15) and (14), respectively. While (13) is only the nominal stability condition, robust stability condition can also be imposed if the size of the uncertainty is known. Specifically, if the transfer function from to is , then the closed-loop system will be robustly stable for all uncertainty (possibly time varying) with , if, for all ,
For a choice of and satisfying (13) and (14), the condition for robust stability of the closed-loop system is: for all (17) For deadbeat nominal response (i.e., ), the robust stability condition is given by C. Summary of Design Procedure 1) Formulate matrix in (8) and Fig. 3: • Perform experiments to estimate nominal sensitivity and uncertainty weightings .
• Define effect of disturbances [e.g., using the method of Gaussian bumps in (7)].
• Define TRC error weighting . 2 Determine the optimal dc gain by following the procedure in Section IV-A. 3 Determine the dynamic controller in (12):
• Define stable closed-loop system matrix .
• Solve for in (15).
• Solve for in (14). 4 If uncertainty bound for is known, check robust stability according to (16) or (17).
V. SIMULATION EXAMPLE
The properties of the controllers designed using the proposed method are investigated by simulating a family of linear plants with uncertainty of the form (3). Specifically, we considered the behavior of the systems with given by (18) where is randomly chosen with and is varied systematically.
The sensitivities used is typical of a xerographic system as would be obtained by experimentally performing Jacobian linearization. The TRC is discretized uniformly into points. Disturbances are defined with , so that they affect the TRC via the normalized Gaussian bumps as in (7) with the bump-width being (where we have used the tone indexes as units). The sensing patches are at , , and . The weighting matrices are arbitrarily chosen to be and . The performances of the proposed controllers (with poles placed at different locations) are compared to that of a threeinput-three-output deadbeat integral controller (19) where . The deadbeat integral controller was chosen for comparison because theoretically, when the disturbances are static, the TRC error at the measured tones [i.e., ] ought to converge to zero in one step. 
A. Steady State Responses
The performance metric for the optimal dc gain is . This is an improvement over the performance metric for the open-loop (i.e., no control) system which is . Interestingly, the performance metric for the integral controller is I-control , indicating that the performance of the integral controller can be worse than if no control is used! For the steady-state response experiment, we chose in (18). The proposed controller performed similarly to the integral controller even when the worst disturbance for it was applied (Fig. 4) . In contrast, when the worst case disturbance for the integral controller was applied, the response of the integral controller was significantly worse than that of the proposed controller (Fig. 5) . 
B. Dynamic Response
The dynamic responses of the controllers to disturbances and noise are now discussed. Tables I and II. The root-mean square (rms) TRC errors are shown in Table I and the rms error in the measured tones are shown in Table II . Notice that in the absence of uncertainty ( ), the deadbeat integral controller and the proposed controllers perform similarly, both in terms of TRC error and in the error at the measured tones. Interestingly, even though the deadbeat integral controller was designed to have zero steady-state error at the measured tones, Table II shows that it performs only slightly better at the measured tones than the controllers designed using the proposed method. In the absence of uncertainty, decreasing (i.e., increasing bandwidth) improves performance.
When there is plant uncertainty, the slight advantage of the deadbeat integral controller evaporated. In fact, the proposed controllers perform significantly better than the deadbeat integral controller in terms of both TRC error and the error at the measured tones. In this case, the proposed controller with the closed-loop poles at gave the best overall performance (for this disturbance dynamics). This indicates that controllers that have aggressive (small) closed-loop eigenvalues, which can reject disturbance better when there is no uncertainty, tend not to perform as well in the presence of uncertainties.
Second, we investigated how the controllers reject measurement noise. The results are given in Tables III and IV . The deadbeat integral controller performed worse than all the proposed controllers regardless of whether there is uncertainty. For the proposed controllers, is optimal when (i.e., the system's eigenvalues match those of the noise dynamics). When , the performance of the proposed controller improved as was increased (i.e., decrease bandwidth). These observations are consistent with the rules of thumb that one should tune the control system so that its dynamics are faster than the disturbance dynamics, to avoid amplifying noise or robustness problems.
VI. EXPERIMENTS
The proposed controller was also experimentally tested on a legacy digital xerographic IOT. In this setup, the grid voltage of the charging system, the laser power in the exposure system and the bias voltage in the development system are available as xerographic actuators, and a single TAC sensor is available for sampling the TRC. In order to evaluate the controller performance, the entire TRC needs to be measured. This is achieved by producing an image of continuously increasing tone (a wedge) in the region of the photoreceptor which is ordinarily used for customer images. The wedge is printed under and is read by the TAC sensor. It is therefore possible to sample the TRC at as many tones as we desire. In our case, the TRC is judged to be adequately approximated by uniform samples. It should Fig. 8 . Comparison of the actual TRC and prediction using the nominal sensitivity at four sets of actuator settings. Three settings correspond to one of the three actuators at its high limit, with the other two actuators at their lower limit; and the fourth setting corresponds to all actuators at the lowest limit.
be remarked that the above procedure of measuring the TRC is not available in field use because nearly all the photoreceptor areas should be used for customer images, instead of printing sensor patches.
To identify the nominal sensitivity function , experiments were performed on the system, with each experiment corresponding to each of the three actuators being at one of five settings within its range. The nominal sensitivity function was then obtained using the least squares method. A comparison of the predicted TRC based on the nominal sensitivity, with the actual TRC at different actuator settings is shown in Fig. 8 . In our controller design, it was assumed that the disturbances are which affect the TRC via the normalized Gaussian bumps as in (7) with the width of each of the bump being . It was also assumed that the TRC measurements at , and were available for feedback control.
Using performance and robustness weightings of and , an optimal controller dc gain that optimizes (9) was designed. The closed-loop system matrix in (15) was chosen to be , and the controller coefficients and in (12) were subsequently obtained by solving (15) and (14). To simulate the effect of the disturbances, the desired nominal TRC was artificially shifted so that where was the TRC when the nominal actuator settings were used. As shown in Fig. 9 , the TRC converged quite closely to the shifted desired TRC.
In contrast, the deadbeat integral controller designed using the same nominal sensitivity function saturates the xerographic actuators (Fig. 10) . The reason for this can be seen from the sensitivity function itself whose singular values are , , and , indicating that one direction in the measurement space is poorly controlled. Because the integral controller would attempt to zero out the TRC error at the three measured tones, even in the poorly controlled direction, the controller saturates. Since the proposed robust controller accounts for both plant uncertainty, and the effects of the control effort on the unmeasured tones, its response is much better behaved.
VII. CONCLUSION
A robust TRC stabilization controller which uses measurements of the TRC at a small number of tones and a small number of xerographic actuators has been developed. The design methodology incorporates uncertainties in the plant parameters, and the nonlinearity of the process into a linear uncertain system. The control law accounts for the TRC error at both the measured and the unmeasured tones. The proposed controller is designed in two phases: first an optimal dc gain is obtained to provide good steady-state overall TRC error performance for as wide a class of uncertain plants as possible; second, a dynamic controller is designed to achieve stability and the optimal dc gain. Simulation and experimental results show improved performance over an integral controller which does not account for TRC errors at the unmeasured tones. Improvement is especially pronounced in the presence of plant uncertainties, disturbances, or noise.
Although we have focused on the problem of stabilizing the TRC of a primary color, the ideas set forth in the paper should also apply to the stabilization of color printing requiring combinations of primary colors. In place of the TRC, the color reproduction function, which maps the combination of tones for the three primary colors into the color coordinates of the color of the output print (e.g., using the CIELAB coordinates [1] ) should be considered. This function is also potentially infinite dimensional. The color reproduction function is also nonlinear, uncertain, and is subject to disturbances and therefore need to be robustly stabilized. Mesurements or sampling of the color reproduction function amounts to printing and measuring various colors in the color gamut. Therefore, the color reproduction function stabilization problem will also have the feature that only a small number of sensors and actuators are available to control a potentially infinite dimensional object.
